We construct the type-preserving panel-regular lattices in buildings of type M which have cyclic stabilizers of spherical 2-residues in the case where M has off-diagonal entries in {2, 3, ∞}. We obtain these lattices as fundamental groups of their associated quotient buildings, which are constructed by amalgamating quotients of generalized digons and triangles by actions of Singer cyclic groups. Each quotient construction has an associated 'gluing matrix' which encodes how the quotient generalized polygons are amalgamated. We show that the gluing matrices also encode presentations of the panel-regular lattices.
Introduction
A Singer lattice is a discrete subgroup of the automorphism group of a locally finite building whose associated quotient is finite and which acts regularly on panels (see [FHT11] for details on lattices in buildings). A Singer cyclic lattice is a Singer lattice which has cyclic stabilizers of spherical 2-residues. In this article, we construct all the Singer cyclic lattices of type M in the case where the off-diagonal entries of M are in {2, 3, ∞} and the defining graph of M is connected. Thus, via the Davis realization of a building (see [Dav94] ) we construct examples of lattices in polyhedral complexes with links complete bipartite graphs and (incidence graphs of) finite projective planes. We first describe the 2-residues which can appear in the quotient building of a Singer cyclic lattice of type M , and then determine all the ways in which these 2-residues can be amalgamated to form a quotient. Our lattices generalize those in [Ess13] , in which the Singer lattices of type A 2 were constructed using complexes of groups (see [BH99] for details on complexes of groups). These lattices were further studied in [Wit16] .
We obtain relatively simple presentations of our lattices which are, roughly speaking, free products of a collection of Singer cycles quotiented by a set of relations which are read off the (decorated) defining graph of M by going around cycles (see Theorem 4.2). To construct quotients we make use of the theory of Weyl graphs (see [Nor17] ), which are certain directed multigraphs with extra structure that can be used to model quotients of buildings by typepreserving chamber-free group actions. Unlike complexes of groups, Weyl graphs make use of the combinatorial W -metric structure enjoyed by buildings, and are more in the spirit of [Tit81] (see also [Ron89, Chapter 4] ).
Preliminary Definitions
In [Nor17] we associated to every type-preserving chamber-free action of a group G on a building ∆ the quotient Weyl graph ∆ → G\∆, and conversely we associated to every Weyl graph W the universal covering building W → W equipped with an action of π 1 (W), with these constructions being mutually inverse. Thus there is essentially a 1-1 correspondence between type-preserving chamber-free actions and Weyl graphs. We call an action of a group on a building panel-regular if the induced action on the set of panel of each type is regular (free and transitive). Let us define a Singer graph to be a Weyl graph which corresponds to a panel-regular action. Equivalently, a Singer graph is a Weyl graph whose panel groupoids are all isomorphic to a fixed connected setoid. The cardinal q such that a Singer graph W has k = q + 1-many chambers is called the order of W. We define a Singer building of order q to be a building which is the universal cover of a Singer graph of order q. A Singer building is locally finite if and only if it has finite order since each of its panels is k-many equivalent chambers. Therefore we may define a Singer lattice Γ < Aut(∆) of order q to be a subgroup of the automorphism group of a building ∆ such that Γ\∆ is a Singer graph of order q, where q is finite. We define a Singer cyclic lattice to be a Singer lattice which has cyclic stabilizers of spherical 2-residues. Our definitions of Singer lattices and Singer cyclic lattices generalize those in [Ess13] and [Wit16] to all types of building.
A Weyl m-gon is a connected Weyl graph of type I 2 (m), a generalized m-gon is a building of type I 2 (m), a Singer m-gon is a Singer graph of type I 2 (m) 1 , and a Singer cyclic m-gon is a Singer m-gon whose fundamental group is cyclic. For m = 2, 3 we say digon and triangle respectively, and for arbitrary m we say polygon. A Weyl graph is a Singer graph if and only if its 2-residues are Singer polygons, and a Singer cyclic lattice is equivalently a Singer lattice whose quotient's 2-residues are Singer cyclic polygons (these statements follow from results in [Nor17] ).
Singer Cyclic Polygons
In this section we obtain realizations of those Weyl digons and triangles which can exist as 2-residues in the quotient of a Singer cyclic lattice. For digons the construction is straightforward. For triangles we follow [Ess13] , and use the method of difference sets from finite geometry. We'll see that for q ≥ 2, there exists a unique Singer cyclic digon of order q, and for q ≥ 2 a prime power, there exists a Singer cyclic triangle of order q. The uniqueness of this Singer triangle is (equivalent to) a long standing conjecture.
Singer Cyclic Digons
It's well known that (the isomorphism classes of) finite generalized digons are in bijection with pairs (q 1 , q 2 ), where q 1 , q 2 ∈ Z ≥1 . The simplicial building of the digon corresponding to (q 1 , q 2 ) is the complete bipartite graph on q 1 + 1 white vertices and q 2 + 1 black vertices. We denote by D(q 1 , q 2 ) the Weyl digon which is the generalized digon corresponding to (q 1 , q 2 ). For q ∈ Z ≥1 , we denote D(q, q) by D(q).
A Realization of D(q 1 , q 2 ). Put k 1 = q 1 + 1 and k 2 = q 2 + 1. We use the fact that the simplicial building of D(q 1 , q 2 ) is the complete bipartite graph on k 1 + k 2 many vertices to obtain the following realization of D(q 1 , q 2 ). Let the chambers of D(q 1 , q 2 ) be the set,
Let S = {s, t} be the set of labels of D(q 1 , q 2 ). The panel groupoid of type s of D(q 1 , q 2 ) is the equivalence relation,
The panel groupoid of type t of D(q 1 , q 2 ) is the equivalence relation,
Thus, the generalized digon D(q 1 , q 2 ) is a k 1 × k 2 grid of chambers, with chambers in the same column being s-equivalent, and chambers in the same row being t-equivalent. See the left part of Figure 1 , which shows D(2).
We now obtain realizations of the Singer cyclic digons. If a group G acts panel-regularly on D(q 1 , q 2 ), then |G| = q 1 + 1 = q 2 + 1. Put q = q 1 = q 2 and k = q + 1.
Proposition 3.1. Let G be the cyclic group of order k. Then G acts panel-regularly on D(q), and this action is unique up to equivariant automorphism.
Proof. The group G acts panel-regularly on D(q) as follows; pick a generator g ∈ G and for (x, y) ∈ Z/kZ × Z/kZ a chamber of D(q), put, g · (x, y) = (x + 1, y + 1). This is an automorphism of D(q) since it's a permutation of the chambers which preserves ∼ s and ∼ t . Suppose that G acts in a second way on D(q), which we denote by ' * '. For x ∈ Z/kZ, let x s be the s-panel which contains g x * (0, 0), and for y ∈ Z/kZ, let y t be the t-panel which contains g y * (0, 0). Let (x s , y t ) denote the unique chamber which is contained in both x s and x t . We claim that (x, y) → (x s , y t ) is a permutation of the chambers of D(q). To see this, suppose that, (x, y) → (x s , y t ), (x , y ) → (x s , y t ), and (x s , y t ) = (x s , y t ).
Then x s = x s and y t = y t , and so x = x and y = y since the action ' * ' is free on panels. This permutation is an automorphism since if (x, y) ∼ s (x , y ), then x = x , and so x s = x s (likewise for t). To see that this automorphism is equivariant, let h · x and h · y be the integers such that (h·x, h·y) = h·(x, y), and let h * x s and h * y t be the integers such that (h * x s , h * y t ) = h * (x s , y t ). For h = g n , we have,
Corollary 3.1.1. For each q ∈ Z ≥1 , there is a unique Singer cyclic digon of order q (up to isomorphism).
Proof. Equivariant actions will produce isomorphic quotients. Therefore the result follows from Proposition 3.1.
We denote by k\D(q) the unique Singer cyclic digon of order q.
A Realization of k\D(q). We wish to obtain a canonical realization of k\D(q). Let G be the cyclic group of order k, and let g ∈ G be a generator. We represent k\D(q) as the quotient of D(q) by the action of G given by g · (x, y) = (x + 1, y + 1), for (x, y) a chamber of D(q).
Recall that we have an associated covering π : D(q) → G\D(q). Let the set of chambers of k\D(q) be C = Z/kZ, and identify k\D(q) with G\D(q) by letting a chamber x ∈ C be the π-image of (0, x) ∈ D(q). To complete our realization of k\D(q), we need to specify a set of defining suites. We first determine what the flowers of k\D(q) are by inspecting the covering π : D(q) → k\D(q). We can do this because the suites of k\D(q) are exactly the images of the suites of D(q).
Let us introduce some notation for galleries. Let x, y and z be chambers. Then we denote by,
the gallery whose sequence of edges is i, j, where υ(i) = s, υ(j) = t, i goes from x to y, and j goes from y to z.
Proposition 3.2. For each chamber x ∈ C, the petals of the flower of k\D(q) based at x are,
where y, z, y ∈ C, x = y = z, and y = x − y + z.
be an (s, t)-half-suite of k\D(q) which issues from x. Lift ρ(s, t) with respect to π to a galleryρ(s, t) of D(q). Let (c, d) ∈ D(q) be the initial chamber ofρ(s, t). It follows from the construction of D(q) that,
be the unique (t, s)-half-suite of k\D(q) with ρ(s, t) ∼ ρ(t, s). Letρ(t, s) be the unique lifting of ρ(t, s) to a gallery which issues from (c, d). Then,
We haveρ(s, t) ∼ρ(t, s) since π is a covering, and so,
which occurs if and only if,
The Defining Suites of k\D(q). We let the defining suites of k\D(q) be those which are induced by the flower based at 0. Thus, by Proposition 3.2, the defining suites of k\D(q) are the cycles, → 1
One can check that the lifting of these galleries in Figure 1 to galleries which issue from either (0, 0), (1, 1), or (2, 2) are cycles in D(2).
Lemma 3.3. Let q ∈ Z ≥1 , k = q + 1, and let C = Z/kZ. Let r ∈ Z/kZ. Then the map,
is an automorphism of k\D(q).
Proof. This map is clearly a chamber system automorphism. To check that it's also an automorphism of Weyl data, by the characterization of isomorphisms and the properties of flowers, we just have to check the preservation of the flowers of k\D(q). This follows from Proposition 3.2, and the fact that,
Corollary 3.3.1. Let P be a Singer cyclic digon of order q, and let C ∈ P be any chamber. Then there exists an isomorphism ω : P → k\D(q) such that ω(C) = 0.
Proof. By Corollary 3.1.1 there exists an isomorphism ω : P → k\D(q). Let ω be the isomorphism,
Then we can take ω = ω • ω .
Figure 1: The generalized digon D(2) and the Singer cyclic digon 3\D(2)
The Universal Group of k\D(q). See [Nor17] for details on calculating universal and fundamental groups of Weyl graphs.
To calculate the universal group of k\D(q) we need to equip k\D(q) with a generating set S = B I. Since each panel groupoid of k\D(q) is a setoid, we have B = ∅. Let C * = {1, . . . , q} ⊂ C. For n ∈ C * and σ ∈ {s, t}, let g (n,σ) be the edge 0
For notational convenience, let
, and g −1 (0,t) denote the empty word. Then it follows from (♦) that the set of S-suites of k\D(q) is,
We now substitute a (n) = g (n,s) g −1 (n,t) , for n ∈ C * . Thus, the new generating set is,
and, letting a (0) and a −1 (0) denote the empty word, a new set of equivalent relations is,
By putting z = 0, we see that a (y) a (−y) = 1 for y ∈ C * . By putting z = 1, we see that
(1) a (1−y) = 1, or equivalently a (y) = a (y−1) a (1) , for y ∈ C * , y = 1. Thus, by induction, we have a (y) = a y (1) for y ∈ C * . In particular, we have a k
(1) = 1. If we put a = a (1) and include the consequence a k = 1, then the relations a (y) a −1 (z) a (z−y) = 1 are redundant. Therefore a new generating set is,
(n,t) , a : n ∈ C * and a new set of equivalent relations is,
Thus, we obtain the following.
Lemma 3.4. Let k\D(q) be the unique Singer cyclic digon of order q. Then the universal group of k\D(q) is,
for σ ∈ {s, t} and n ∈ C * .
The Fundamental Group of k\D(q). Recall that to calculate the fundamental group of k\D(q) we need to quotient out a spanning tree (see [Nor17] ). Of course, we know the fundamental group should be cyclic of order k. Let T be the spanning tree,
Then we recover the fundamental group of k\D(q),
for n ∈ C * . Notice that the image of the gallery [0
in the fundamental group at T is a n (see Figure 1 ). Recall that one obtains an action of π 1 (k\D(q), T ) on D(q) by picking a chamber in D(q). In fact, different choices of chamber will result in the same action since π 1 (k\D(q)) is abelian.
Singer Cyclic Triangles
In this section, we obtain realizations of the Singer cyclic triangles using the method of difference sets. We denote by T (q) the generalized triangle whose associated simplicial building is the incidence graph of PG(2, q).
Difference Sets. In the language of Weyl graphs, the method of difference sets D in a group G provides a way of constructing a generalized triangle T (D) and a universal cover,
where π is the quotient map associated to a panel-regular action of G on T (D). A good reference for general difference sets is [Dem68] . We focus on the case where G is cyclic, or equivalently, where G\T (D) is a Singer cyclic triangle. Such difference sets are usually called cyclic difference sets, and are studied in [Ber53] . We define a difference set D of order q to be a subset D ⊂ Z/δZ such that the map,
when restricted to the off-diagonal elements is a bijection into 1, . . . , δ − 1 . Thus, for all non-zero n ∈ Z/δZ, there exists a unique pair
Operations on Difference Sets. Let D be a difference set of order q, and let x ∈ Z/δZ and r ∈ Aut(Z/δZ) = Z/δZ * . Then rD + x = {rd + x : d ∈ D} is also a difference sets of order q. Two difference sets D and D are called equivalent if there exists x ∈ Z/δZ and r ∈ Z/δZ * such that D = rD + x. Our notion of equivalence is different to that of [Ber53] .
The Generalized Triangle T (D). Let D be a difference set of order q. By results of Singer [Sin38] , we obtain a generalized triangle T (D) of order q from D as follows. Let the chambers of T (D) be the set,
Let S = {s, t} be the set of labels of T (D). The panel groupoid of type s of T (D) is (equivalent to) the equivalence relation,
The panel groupoid of type t of T (D) is the equivalence relation, Equivalent Difference Sets. Let D and D be equivalent difference sets of order q. Let z ∈ Z/δZ and r ∈ Z/δZ * such that D = rD + z. Then the bijection of chambers,
clearly preserves ∼ s and ∼ t . Thus, ω 0 determines an isomorphism ω : T (D) → T (D ). Let G and G be the cyclic groups of order δ which act on T (D) and T (D ) respectively, with g ∈ G and g ∈ G being the chosen generators. Let ψ : G → G be the isomorphism such that g → (g ) r . Then ω is ψ-equivariant. Thus, equivalent difference sets essentially construct the same universal cover.
Difference Sets Obtained from Actions. Let G be a cyclic group of order δ which acts panel-regularly on a generalized triangle T of order q. Pick a generator g ∈ G, an s-panel P of T , and a t-panel L of T . Then,
is a difference set of order q, called a difference obtained from the action of G. Different choices of g, P and L produce equivalent difference sets.
Let G also act on T (D) by g · (x, y) = (x + 1, y + 1). For x ∈ Z/δZ and d ∈ D, let (P x , L x+d ) denote the unique chamber of T which is contained in g x · P and g x+d · L. Then,
is an equivariant isomorphism. Conversely, the difference sets obtained from the action of G on T (D) will be equivalent to D. Thus, there's essentially a 1-1 correspondence between difference sets up to equivalence and panel-regular actions of cyclic groups on generalized triangles.
The following is a classical result of Singer, combined with the uniqueness result of Berman:
Theorem 3.6 (Singer-Berman). For all q a prime power, there exists a Desarguesian difference set of order q, and this difference set is unique up to equivalence.
Proof. For existence see [Sin38] , for uniqueness see [Ber53] . 
where C, x, y, z, x , y ∈ D, C = x = y = z, and x − y = C − x + y − z.
be a (s, t)-half-suite of δ\T (D) which issues from C. Lift ρ(s, t) with respect to π to a gallerỹ ρ(s, t) of T (D). Let (c, d) ∈ Z/δZ × Z/δZ be the initial chamber ofρ(s, t). It follows from the construction of T (D) that,
be the unique (t, s)-half-suite of δ\T (D) with ρ(s, t) ∼ ρ(t, s). Letρ(t, s) be the lifting of ρ(t, s) to a gallery which issues from (c, d). Then,
We haveρ(s, t) ∼ρ(t, s), and so,
Let us assume that D is based. Clearly, every difference set is equivalent to a based difference set, so this is no real restriction. We let the defining suites of δ\T (D) be those which are induced by the flower based at 0 ∈ D. Thus, by Proposition 3.7, the defining suites of δ\T (D) are the cycles, [0
where x, y, z, x , y ∈ D, 0 = x = y = z, and,
Notice that there will be q 3 many defining suites. [0
The Singer Cyclic Triangle δ\T (q). Let D and D be equivalent difference sets of order q with D = rD + x. Then it follows from Proposition 3.7 that,
preserves flowers, and so is an isomorphism. By Theorem 3.6, this shows that if Conjecture 3.5 holds, then for each q a prime power, there is a unique Singer cyclic triangle of order q. We let δ\T (q) denote the unique (up to isomorphism) Singer cyclic triangle of order q whose universal cover is T (q). Thus, if D is Desarguesian, we have δ\T (D) ∼ = δ\T (q).
The following result shows that given any chamber C in a Singer cyclic triangle P, we can represent P as δ\T (D), for some based difference set D, such that C is identified with 0 ∈ D.
Lemma 3.8. Let P be a Singer cyclic triangle of order q, and let C ∈ P be any chamber. Then there exists a based difference set D of order q and an isomorphism ω : P → δ\T (D) such that ω(C) = 0.
Proof. Let g be a generator of the deck transformation group of the universal cover ∆ → P. Let D be a difference set obtained from this action. Then there exists an isomorphism ω : P → δ\T (D ). Let D = D − ω (C), and let ω be the isomorphism,
Then we can take ω = ω • ω . 
For notational convenience, let g (0,s) , g (0,t) , g −1 (0,s) , and g −1 (0,t) denote the empty word. It follows from (♣) that the set of S-suites of δ\T (D) is,
We now substitute a (n) = g (n,s) g −1 (n,t) , for n ∈ D * . Thus, the new generating set is,
Let us rearrange a (x) a −1
for x, y, z, y , x ∈ D, 0 = x = y = z, and y − x = x − y + z. Let e, e ∈ D be the unique integers such that e − e = 1, and put a = a (e) a −1 (e ) . In particular, if 1 ∈ D, we just have a = a (1) = g (1,s) g −1
(1,t) . Fix n ∈ {1, . . . , δ − 1}, and let c, c ∈ D be the unique integers such that, c − c = n.
If n = δ − 1, let d, d ∈ D be the unique integers such that,
If n = −e, let f, f ∈ D be the unique integers such that,
Now, if n = δ − 1, then c = e and c = e , and so,
We now claim that if n = δ − 1, then,
If n = δ − 1 but n = −e, then c = 0, c = e, d = 0, and e = d , and so,
If n = δ − 1, n = −e, c = e, and f = e , then by two applications of (♠), we have,
If n = δ − 1, n = −e, and c = e, then c = d and e − d , and so,
Finally, if n = δ − 1, n = −e, and f = e , then d = 0 and f = d , and so,
This proves the claim. Therefore, by induction, we have a n = a (c) a −1 (c ) , and in particular a n = a (n) if n ∈ D. The fact that a δ = 1 then follows from (♥). Notice that in the presence of a n = a (n) and a δ = 1, the relations of the form a (x) a −1
(y ) a (x ) = 1 are redundant. Thus a new generating set is,
We obtain the following.
Lemma 3.9. Let D be a based difference set and let δ\T (D) be the Singer cyclic triangle constructed from D. Then the universal group of δ\T (D) is,
(n,σ) = 1 for σ ∈ {s, t} and n ∈ D * .
The Fundamental Group of δ\T (D). Let T be the spanning tree,
Thus, we recover the fundamental group of δ\T (D),
Notice that the image of the gallery [0
in the fundamental group at T is a n (see Figure 2 ).
Singer Cyclic Lattices of Type M
We now construct the Singer cyclic lattices of type M , where m st ∈ {2, 3, ∞} for all distinct s, t ∈ S, and the defining graph of M is connected. Modulo an equivalence relation on our construction, this classifies all such lattices. This equivalence is described in the A 2 case in terms of 'based difference matrices' by Witzel [Wit16] , which builds on the work of Essert [Ess13] .
Gluing Matrices M
The Defining Graph L. Let M = (m st ) s,t∈S be a Coxeter matrix on a set S. The defining graph L of M is the simplicial graph with vertices S and an edge connecting two vertices s and t if m st is finite. So that M may be recovered from L, one can label the edges of L with the corresponding value m st . From now on, let M be a Coxeter matrix with m st ∈ {2, 3, ∞} for all distinct s, t ∈ S whose defining graph L is connected.
Gluing Matrices M. Gluing matrices will play the same roll as based difference matrices in the work of Essert. Let q ∈ Z ≥2 and k = q + 1. Let C = Z/kZ and C * = {1, . . . , q} ⊂ C. LetĒ be an orientation of L; formally, letĒ ⊆ S × S such that for all (s, t) ∈Ē, we have {s, t} ∈ E(L), and for all {s, t} ∈ E(L), exactly one of {(s, t), (t, s)} is contained inĒ. We define a gluing matrix M = M M,q of type M and order q to be a matrix,
) is a permutation of some D * , where D is a based difference set of order q.
Let us denote M(n, (s, t)) by n(st). If m st = 2, we think of the integer n(st) as being an element of Z/kZ, and if m st = 3, we think of the integer n(st) as being an element of Z/δZ. Notice that each column is of the form D * for some based difference set D of order 2. The Weyl Data of W M . Let L,Ē, q, k, C, and C * be as above, and let M be a gluing matrix of order q. We associated a Singer graph W = W M of type M to M as follows. The set of chambers is W 0 = C, and each panel groupoid is W s ∼ = 1 × k, for s ∈ S. Let (s, t) ∈Ē, and let J = {s, t}. Notice that there's exactly one J-residue W J of W. If m st = 2, let Ω st : W J → k\D(q) be the chamber system morphism such that for x ∈ W 0 , we have,
Then, let the defining suites of W J be the Ω st -preimages of the defining suites of k\D(q). Thus, the defining suites are,
where y, z, y ∈ C, 0 = y = z, and Ω st (y ) = Ω st (z) − Ω st (y). If m st = 3, put D = M(−, (s, t)) ∪ {0}, and let Ω st : W J → δ\T (D) be the chamber system morphism such that for x ∈ W 0 , we have,
Then, let the defining suites of W J be the Ω st -preimages of the defining suites of δ\T (D). Thus, the defining suites are,
where y, z, y , x ∈ C, 0 = x = y = z, and
. This defines the Weyl data W. Then, W is a Weyl graph by the generalization of Tits' local to global result.
The Universal Group of W M . Let W = W M be as constructed above. We now calculate the universal group of W. First, we need a generating set S = B I. Since each panel groupoid of W is a setoid, we have B = ∅. For n ∈ C * and σ ∈ S, let g (n,σ) be the edge 0 σ − → n. Then put,
Then the set of S-suites R of W is the union of the S-suites in each of its spherical 2-residues,
where (s, t) ∈Ē with m st = 2, y, z ∈ C with 0 = y = z, and,
and (u, v) ∈Ē with m uv = 3, x, y, z, y , x ∈ C with 0 = x = y = z, and,
We now make the same substitutions in each spherical 2-residue of W that we made in order to obtain the presentations of Lemma 3.4 and Lemma 4.1. For (s, t) ∈Ē with m st = 2, let n ∈ C * such that Ω st (n) = 1. Then put,
For (s, t) ∈Ē with m st = 3, let n, n ∈ C such that Ω st (n) − Ω st (n ) = 1. For notational convenience, let g (0,σ) denote the empty word for all σ ∈ S, and put,
Thus, for both m st = 2 and m st = 3, a st is the 'a' from the calculation of the universal group of the target of Ω st . Let us also stop including the g −1 (n,s) as generators for simplicity, which is obviously possible. Then the new set of generators is, S = g (n,σ) , a st : n ∈ C * ; σ ∈ S; (s, t) ∈Ē and it follows from Lemma 3.4 and Lemma 4.1 that a new set of equivalent relations is,
(n,t) : (s, t) ∈Ē; n ∈ C * where for (s, t) ∈Ē, we have,
Lemma 4.1. Let M be a gluing matrix and let W = W M be the Weyl graph associated to M. Then the universal group of W is,
for n ∈ C * , σ ∈ S, and (s, t) ∈Ē.
L-Cycles.
We define an L-cycle to be a sequence σ 1 , . . . , σ µ of adjacent vertices of L with
ts ∈ FG(W). Then for each L-cycle σ 1 , . . . , σ µ , and for each n ∈ C * , we have, 4.3 The Singer Lattice Γ M .
In this section, we obtain a presentation of the fundamental group of W = W M whose generators are the a st 's.
The Fundamental Group of W. Fix ξ ∈ S, and let us assume thatĒ has been chosen such that for all u ∈ S, if {u, ξ} ∈ E(L), then (u, ξ) ∈Ē, i.e. the oriented edges at ξ terminate at ξ. Let T be the spanning tree,
Then by quotienting out T in FG(W), we obtain,
for n ∈ C * , σ ∈ S \ {ξ}, (s, t) ∈Ē with s, t = ξ, and (u, ξ) ∈Ē(L).
Eliminating the g (n,σ) 's. For s, t ∈ S, if (s, t) / ∈Ē, let a st = a −1 ts ∈ π 1 (W, T ). For σ ∈ S, let σ, σ 1 , . . . , σ µ , ξ be a sequence of adjacent vertices of L (recall that L is connected). For n ∈ C * , we have (a σµξ ) n(σµξ) = g (n,σµ) , and so,
In the presence of relations induced by L-cycles, the relations of the form (a st ) n(st) = g (n,s) g −1 (n,t)
are redundant since, after substitution, the relation is induced by an L-cycle of the form, ξ, σ µ , . . . , σ 1 , t, s, σ 1 , . . . , σ µ , ξ.
Therefore we can drop the g (n,σ) from the generating set of π 1 (W, T ) and include the relations induced by L-cycles to obtain an equivalent group presentation of π 1 (W, T ):
Theorem 4.2. Let M be a gluing matrix and let W = W M be the Weyl graph associated to M. Then the fundamental group Γ = Γ M of W has the presentation,
for (s, t) ∈Ē, n ∈ C * , and σ 1 , . . . , σ µ ∈ Cyc(L). Thus, Γ is a Singer cyclic lattice in a building ∆ = ∆ M of type M , with Γ\∆ ∼ = W.
The number of relations induced by L-cycles that need to be included in order to obtain a sufficient set of relations will depend upon the homotopy type of L
Classification of Singer Cyclic Lattices of type M
Let M be a Coxeter matrix with m st ∈ {2, 3, ∞} for all distinct s, t ∈ S, whose defining graph L is connected. We now show that every Singer cyclic lattice Γ < Aut(∆) in a building ∆ of type M is equivalent to a Singer cyclic lattice of the form Γ M < Aut(∆ M ), for some gluing matrix M of type M .
The Quotient by a Singer Cyclic Lattice. Let ∆ be a locally finite building of type M , and let Γ < Aut(∆) be a Singer cyclic lattice in ∆ of order q. Then Γ\∆ is a Singer graph of order q with spherical Weyl polygons either the digon k\D(q), the triangle δ\T (q), or (if they exist) non-Desarguesian Singer cyclic triangles. Therefore the only choices Γ\∆ has are however these polygons are glued together. We now show that gluing matrices encode all the possible choices, and so Γ\∆ ∼ = W M for some gluing matrix M.
The Gluing Matrix M(Γ). Let C = Z/kZ, and letĒ be an orientation of L. By choosing a bijection (Γ\∆) 0 → C, let us identify the chambers of Γ\∆ with C. We now define a gluing matrix, M = M(Γ) : C * ×Ē → Z ≥1
of type M and order q as follows. For each (s, t) ∈Ē such that m st = 2, by Corollary 3.3.1, there exists a permutation C → C with 0 → 0 which is an isomorphism on the {s, t}-residue of Γ\∆ into k\D(q). Let M(−, (s, t)) be the restriction of the permutation C → C to C * . For each (s, t) ∈Ē such that m st = 3, by Lemma 3.8, there exists a based difference set D and a bijection C → D with 0 → 0 which is an isomorphism on the {s, t}-residue of Γ\∆ into δ\T (D). Let M(−, (s, t)) be the restriction of C → D to C * . We call M the gluing matrix associated to Γ. Then we obtain the following.
Theorem 4.3. Let M be a Coxeter matrix with m st ∈ {2, 3, ∞} for all s, t ∈ S, s = t, whose defining graph is connected. Let ∆ be a locally finite building of type M , and let Γ < Aut(∆) be a Singer cyclic lattice in ∆. Let M = M(Γ) be a gluing matrix associated to Γ. Then there exists an isomorphism ω : Γ\∆ → W M .
Proof. Let ω : Γ\∆ → W M be the morphism whose map on chambers is the identity C → C. The fact that ω is an isomorphism then follows directly from the definition of M and the construction of W M .
This gives a classification of Singer cyclic lattices of type M modulo an equivalence relation on gluing matrices, since different gluing matrices may construct the same lattice. This equivalence for M = A 2 is described in [Wit16, Corollary 3.19 ] (in terms of difference matrices). The Singer cyclic lattices of type A 2 were constructed by Essert in [Ess13] , and classified by Witzel in [Wit16] . In [Wit16] , it's shown that there are two non-isomorphic Singer lattices of type A 2 and order 2. We construct these lattices:
(1) Take the gluing matrix M of type A 2 shown in Figure 4 . Put a = a st , b = a tu , and c = a us . Notice that we only need to include one L-cycle in the presentation. From Theorem 4.2, we obtain, 
